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The purpose of this study is to predict accurate frequencies of large space structures from component modal
test results. We deal with structures such as large satellite antennas, on which it is difficult to perform modal tests
on the whole structure. A method, considering the effect of untested components as boundary mass and stiffness,
is proposed for obtaining accurate frequencies of a structure. Boundary mass and stiffness are found by reducing
mass and stiffness matrices of untested components to boundary degrees of freedom. A tested component with these
reduced matrices at the boundary gives accurate frequencies of the whole structures analytically. In performing
modal tests, it is important to simulate these matrices as boundary mass and stiffness. A procedure to find boundary
mass and stiffness is shown, and a numerical example is given to show that the proposed method is effective for
predicting accurate frequencies of whole structures.

Nomenclature
[I ] = unit matrix
[K ] = stiffness matrix
[K̄ ] = reduced stiffness matrix
[M] = mass matrix
[M̄] = reduced mass matrix
m = mass of component B
[R] = transformation matrix defined by Eq. (3)
{x} = elastic displacements
�K = boundary stiffness
�M = boundary mass
σ = frequency
�i = angular frequency of structures
ω̄B = boundary frequency of untested component
ωi = angular frequency of components

Subscripts

A = component subjected to modal tests
B = untested components
b = boundary
i = internal
p = coordinate with boundary mass and stiffness
q = coordinates without boundary mass and stiffness

Introduction

S ATELLITE communication systems have been used for provid-
ing various services and have received innovative technologies

to improve communication quality. Large satellite antennas are one
of the technologies to realize an economical system with high qual-
ity. Because they give high antenna gain and high pointing, portable
terminals have become smaller and lower in price.
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We have had problems to overcome, however, in developing large
satellite antennas. The first problem is the setting of the antennas
in the fairing envelope of launch vehicles. Deployable antennas can
be a solution to this problem; therefore, they have been extensively
studied.1–3 One of the other problems is the fulfillment of required
performance on natural frequency.4 Frequency is an important de-
sign requirement to avoid coupling with a satellite in launch and
control systems in orbit. We have to confirm antenna frequencies
by modal tests even though the antennas have increased in size.
However, it becomes increasingly difficult to perform modal tests
for large deployed antennas because they are not strong enough to
withstand the force caused by gravity. The focus of research on
this problem is to verify the stiffness requirement without testing
the whole structures. It is an effective method to divide a structure
into several components and to predict the frequencies of the whole
structure by using component modal test results. Component mode
synthesis5 is a powerful analysis tool for frequency prediction in
such a case. Fixed-constraint normal modes with a set of constraint
modes, proposed by Craig and Bampton,6 enable the prediction of
accurate frequencies. However, it is difficult to fix the boundaries
of components in modal tests. The use of free-free normal modes
eliminates the need for constraint modes. However, this results in
solutions that are more susceptible to truncation error in higher
modes. MacNeal7 proposed a method that accounts for the static
contribution of neglected modes to minimize the truncation error.
Although the MacNeal method is efficient, the method has not met
with wide acceptance because of using impedance/admittance ter-
minology. Rubin8 introduced residual inertia and dissipative effects
to the MacNeal method. A method proposed by Karpel et al.9 is
based on testing components with the interface coordinates loaded
with rigid, heavy dummy masses supported by soft springs. Dummy
masses generate local displacements near the boundaries to obtain
dynamic properties of the whole structures. The low sensitivity
of the method to the size of the boundary mass term allowed an
easy design of the boundary mass with good handling and safety
qualities. Soucy and Humar10 propose an approach to component
mode synthesis in which the characteristics of individual compo-
nents are determined experimentally through modal and static tests.
This approach uses a combination of three different types of modes:
rigid-support normal modes, residual flexibility attachment modes,
and static constraint modes. This method gives a new approach
that allows determination of the test-based characteristics by testing
the components when they are attached to supports with arbitrary
stiffness.
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This paper proposes a method to predict the dynamic character-
istics of large deployable antennas with component tests. In this
method, to simulate the dynamic behavior of the antenna the sim-
plest case is considered to confirm the feasibility for application
to real structures. Namely, the reduced mass and stiffness matri-
ces of untested components are replaced with a mass and a spring
(boundary mass and stiffness) attached to the boundary. At first,
theoretical formulation to find the boundary mass and stiffness is
described. Next, we show that frequencies of the structure can be
obtained analytically with reduced mass and stiffness matrices at
boundary degrees of freedom. Finally, a numerical example is shown
to demonstrate the effectiveness of the proposed method.

Formulation
Dynamic Equation of Tested Component

We considered a large deployable structure (antenna) consisting
of several elastic components interconnected as shown in Fig. 1.
Components are numbered with Arabic numerals. We define com-
ponent A as the component subjected to modal tests, and the rest of
the components (untested components) are called component B. In
Fig. 1, component 4 is the tested component, and components 1, 2,
and 3 are the untested components. Mass and stiffness matrices of
component B are reduced to the boundary degrees of freedom be-
cause of considering the effect of component B in component modal
tests. The dynamic analysis of component A with the reduced ma-
trices at the boundary degrees of freedom gives frequencies of the
structure as shown in a numerical example of this paper. There-
fore, it is expected that we measure the dynamic characteristics of
the structure by component modal tests if we determine the mass
and stiffness properly attached to the boundary. It is impossible to
determine unique boundary masses and springs from the reduced
mass and stiffness matrices when we consider both translational
and rotational degrees of freedom. Although the reduced matrices
are effective in the mathematical approach, all of the elements of
the matrices do not necessarily have physical meanings. Therefore,
it is important how to simulate the mass and stiffness for accurate
frequency verification. The proposed method in this paper consid-
ers the simplest case to confirm the feasibility for application to real
structures. So, the reduced mass and stiffness matrices are replaced
with a mass and a spring (boundary mass and stiffness) attached
to the boundary, as shown in Fig. 2. The summary of theoretical
formulation is described as follows.

The undamped, linear equation of motion for component B can
be expressed as

−ω2
B

[
MB,ii MB,ib

MB,bi MB,bb

]{
xB,i

xB,b

}
+

[
K B,ii K B,ib

K B,bi K B,bb

]{
xB,i

xB,b

}
= {0}

(1)
Solving Eq. (1) for {xB,i } in terms of {xB,b} gives the relationship

{xB,i } = [RB]{xB,b} (2)

Fig. 1 Structure consisting of several components.

Fig. 2 Component A subjected to modal tests.

where

[RB] = −(
[K B,ii] − σ 2[MB,ii]

)−1(
[K B,ib] − σ 2[MB,ib]

)
(3)

Equation (2) shows the relationship between internal displacement
and boundary displacement when component B is vibrated. How-
ever, we must consider component B as part of the structure to
measure the dynamic characteristics of the structure by component
modal tests. This means that Eq. (2) holds when structure is vi-
brated. In other words, Eq. (2) is just an assumption that [RB]{xB,b}
is replaced with {xB,i } when frequency σ is not equal to structure
frequency, and therefore {xB,i } does not give the internal displace-
ment when the structure is vibrated. The effect of component B on
dynamic characteristics obtained by component modal tests varies
with frequency in Eq. (2). Therefore, we use an arbitrary frequency
σ in place of frequency ωB . We define the dynamic transforma-
tion matrix with respect to an arbitrary frequency σ . So, component
displacements are expressed by

{
xB,i

xB,b

}
=

[
RB

I

]
{xB,b} (4)

Substituting Eq. (4) into Eq. (1) and premultiplying it by [RT
B I ],

we obtain the equation of motion for the boundary displacements as

−ω̄2
B[M̄B]{xB,b} + [K̄ B]{xB,b} = {0} (5)

where the reduced mass and stiffness matrices can be written as

[M̄B] =
[

RB

I

]T [
MB,ii MB,ib

MB,bi MB,bb

][
RB

I

]

[K̄ B] =
[

RB

I

]T [
K B,ii K B,ib

K B,bi K B,bb

][
RB

I

]
(6)

The solution of the reduced equation (5), called boundary frequency
ω̄B , is not equal to that of the original Eq. (1). Therefore, we inten-
tionally use ω̄B as solution of Eq. (5) to address the difference from
frequency ωB of Eq. (1). It can be seen that the reduced mass and
stiffness matrices depend on the value of frequency σ . There is no
error in these matrices only when frequency σ is equal to an an-
tenna frequency. Adding the reduced mass and stiffness matrices
to the boundary of component A, the dynamic equation of tested
component is expressed by

−�2[M̂A]{x̂ A} + [K̂ A]{x̂ A} = {0} (7)

where

[M̂A] =
[

MA,ii MA,ib

MA,bi MA,bb + M̄B

]

[K̂ A] =
[

K A,ii K A,ib

K A,bi K A,bb + K̄ B

]

{x̂ A} =
{

x̂ A,i

x̂ A,b

}
(8)

Boundary Mass and Stiffness
We partition displacements {x̂ A} in Eq. (7) into two groups: one

translational displacement at a boundary node {x̂ A,p} and the rest
{x̂ A,q}. By partitioning mass and stiffness matrices corresponding
to {x̂ A,p} and {x̂ A,q}, Eq. (7) is rewritten as

−�2

[
M̂A,pp M̂A,pq

M̂A,qp M̂A,qq

]{
x̂ A,p

x̂A,q

}
+

[
K̂ A,pp K̂ A,pq

K̂ A,qp K̂ A,qq

]{
x̂ A,p

x̂A,q

}
= {0}

(9)
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Similarly, the dynamic equation of component A is expressed as

−ω2
A

[
MA,pp MA,pq

MA,qp MA,qq

]{
xA,p

xA,q

}
+

[
K A,pp K A,pq

K A,qp K A,qq

]{
xA,p

xA,q

}
= {0}

(10)
Equations (9) and (10) can be reduced to {x̂ A,p} and {xA,p} as

−�2[M̂ ′
A]{x̂ A,p} + [K̂ ′

A]{x̂ A,p} = {0} (11)

−ω′2
A [M ′

A]{xA,p} + [K ′
A]{xA,p} = {0} (12)

Because this method limits the number of boundary mass and stiff-
ness to one for each boundary node, [M̂ ′

A] and [M ′
A] are not a matrix

but scalar. Therefore, the difference between [M̂ ′
A] and [M ′

A] means
the boundary mass. For structures with several boundary nodes,
boundary mass for each boundary node is found by using Eqs. (11)
and (12), and we divide these masses by the number of boundary
nodes. Then we treat obtained masses as boundary mass attached
to boundaries. Boundary stiffness is also found in a similar way. As
stated before, the effect of component B on dynamic characteristics
obtained by component modal tests varies with frequency σ . There-
fore, the boundary mass and stiffness are selected for an individual
frequency. Namely, we must select them so that a desired frequency
of the structure is obtained by component modal testing.

Numerical Example
Analytical Model

A numerical example is given to demonstrate the effectiveness of
the proposed method. The method was applied to a cantilever beam
as indicated in Fig. 3. The beam, made of carbon fiber reinforced
plastics, consists of two components. For simplicity, only in-plane
(x–y plane) bending modes were considered. Figure 4 shows test
configurations of component A with boundary mass �M and stiff-
ness �K . For example, in testing component 1, we use boundary
mass and stiffness found by reducing mass and stiffness matrices of
component 2. Boundary stiffness is created by wire (and spring if
required) suspending the tested component.

Frequencies of Component A with the Reduced Mass
and Stiffness Matrices

We calculated frequencies of component A with the reduced mass
and stiffness matrices of component B at boundary degrees of free-

Fig. 3 Cantilever beam.

Fig. 4 Test configuration of component A with boundary mass and
stiffness.

Table 1 Calculated frequencies of component A with reduced
mass and stiffness matrices

Beam frequencies used in finding
boundary mass and stiffness, Hz

Component A Mode no. 1.0 6.4 17.9 35.0

1 1 1.0 6.4 13.6 14.9
2 9.3 14.6 17.9 35.0
3 40.4 42.8 51.1 63.4
4 98.8 100.5 111.4 121.3

2 1 1.0 1.0 1.4 1.8
2 6.4 6.4 7.6 11.9
3 18.9 18.7 17.9 35.0
4 42.4 42.1 40.1 38.6

Table 2 Boundary mass and stiffness of component B

Component 1 Component 2

Mode no. �M1, g �K1, N/mm �M2, g �K2, N/mm

1 278.3 1.78E0 275.3 1.17E1
2 33.0 5.85E1 27.2 6.59E1
3 176.0 2.42E3 184.1 2.23E3
4 58.2 2.88E3 52.1 2.84E3

Fig. 5 Variation in boundary mass.

dom. Table 1 lists calculated frequencies. Beam frequencies are
found by finite element analysis. In this case, those frequencies
are considered as exact frequencies. Frequencies of 1.0, 9.3, 40.4,
and 98.8 Hz are obtained in using the beams’ first frequency as
frequency σ to calculate boundary mass and stiffness when com-
ponent 1 is tested. The first beam frequency of 1.0 Hz is obtained.
The second and higher frequencies of the beam also are obtained.
When component 2 is tested, the beam frequencies of 1.0, 6.4, 17.9,
and 35.0 Hz are calculated. This shows that we obtain beam fre-
quencies by adding the reduced mass and stiffness matrices of com-
ponent B at the boundary degrees of freedom. This means that the
proposed method gives useful information to determine which fre-
quency corresponds to the beam frequency. As shown in Table 1,
we can obtain beam frequency even if component A is compo-
nent 1 or component 2. It is reasonable that we consider identical
frequencies obtained by both tests of components 1 and 2 beam
frequencies.

Boundary Mass and Stiffness
Boundary mass and stiffness are listed in Table 2. This table shows

that boundary mass in the first and third mode is larger than that in
the second and fourth modes. The cause of the tendency depends on
the amplitude of the boundary node. Figure 5 shows variation in 36
boundary masses. The longitudinal axis is boundary mass normal-
ized by a mass of component B. The lateral axis shows the amplitude
of the boundary node normalized by the maximum amplitude of each
beam mode. It can be seen that boundary mass reduces as the ampli-
tude of the boundary node increases. This shows that it is desirable
to select boundary nodes so that their displacements become large to
obtain smaller boundary mass. Because large deployable antennas
consist of several components, we select such boundary nodes by
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Table 3 Measured frequencies with boundary mass and stiffness

Beam frequencies used in finding
boundary mass and stiffness, Hz

Component A Mode no. 1.0 6.4 17.9 35.0

1 1 1.0 6.4 17.9 22.0
2 22.8 24.1 23.4 35.0
3 73.4 74.8 73.6 74.4
4 153.2 154.6 153.3 154.0

2 1 0.0 0.0 0.0 0.0
2 1.0 6.4 14.0 11.9
3 14.6 16.2 17.9 35.0
4 47.0 48.4 47.1 48.6

Beam —— 1.0 6.4 17.9 35.0

Table 4 MAC

Mode no. Component 1 Component 2

1 1.00 0.96
2 0.99 0.89
3 0.97 0.96
4 0.85 0.93

Fig. 6 Beam modes and measured component modes.

changing the tested component. Light boundary mass is significantly
important to perform modal tests of large flexible structures.

Simulated Test Results
The simulated test models are constructed by using finite element

models of tested component with a boundary mass and a boundary
spring. In this paper, we consider analytical results to be modal test.

Table 3 lists the frequencies obtained from component modal
tests. By testing component 1, frequencies of 1.0, 22.8, 73.4, and
153.2 Hz were obtained when the first beam frequency is used as
frequency σ to calculate the boundary mass and stiffness. It can
be seen that the test of component 1 can provide the first beam
frequency of 1.0 Hz. For the second and higher frequencies, beam
frequencies are obtained by component 1 modal tests. Table 3 also
shows that we can obtain frequencies identical to beam frequencies
by component 2 modal tests.

Figure 6 shows the lower four modes of the beam. The solid line
shows the exact mode of the beam, and the dotted line indicates
the measured component mode obtained by modal tests. We check
the correspondence between these modes for components 1 and 2.
The modal assurance criteria (MAC) are used to check the modal
correspondence. The results are listed in Table 4. Both modes are
almost identical. There is discontinuity at the boundary especially
for the first mode. This is why components 1 and 2 are subjected to
modal tests separately. Because it is important to show that test mode

Fig. 7 Beam frequency error in modal tests of component 1.

Fig. 8 Beam frequency error in modal tests of component 2.

Fig. 9 Variation in boundary mass.

corresponds to analytical mode, we do not make the displacements
equal at the boundary node. The proposed method is effective in ob-
taining the dynamic characteristics of the beam and has the potential
to verify the frequency requirement of large space structures.

Effect of Error in Frequency σ

Figures 7 and 8 indicate a variation in the accuracy of the mea-
sured frequencies as a result of the error of frequency σ used in
finding the boundary mass and stiffness of component B. It can be
seen that there is no error in measured frequencies when frequency
σ is exact. Even if frequency σ has errors, the frequency error has
little influence on the measured first and second frequencies. In these
cases, the proposed method is effective to obtain accurate beam fre-
quencies. On the other hand, the accuracy of the third frequency
decreases by 30% for a frequency error σ of 10%. We obtain differ-
ent frequencies from tests of components 1 and 2 when the error in
frequency σ is 10%. Therefore, we do not consider these frequen-
cies to be the beam frequency. However, component tests give almost
identical frequencies when the error in frequency σ is −10%. As
one does not know the beam frequency, we consider the measured
frequency the beam frequency although the measured frequency is
not accurate. However, even in such a case the proposed method
has a possibility to improve the frequency error by changing the
division of the structure into components. This can be explained by
the relationship between frequency σ and boundary mass or bound-
ary stiffness. Figure 9 shows variation in boundary mass when fre-
quency σ increases from 0 to 40 Hz. Dotted lines show the lower
four beam frequencies. Boundary mass variations are small for the
first, second, and fourth frequencies. However, boundary masses
change drastically near the third beam frequency. This is why the
third frequency error increases as just mentioned. Figure 10 shows
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Fig. 10 Variation in boundary stiffness.

variation in boundary stiffness. Variation in boundary stiffness has
the same tendency as that in boundary mass. Boundary stiffness in
the third frequency also has a large change to small increment of
frequency σ . It is effective to divide the beam (structure) into several
components so that both changes in boundary mass and stiffness are
small for improving third frequency accuracy.

Conclusions
This paper proposes a method to predict the dynamic characteris-

tics of large satellite antennas with component tests. Space structures
(satellite antennas) are divided into several components. The effect
of untested components is considered as mass and stiffness attached
to the boundary of a component subjected to modal testing. The
following conclusions were obtained:

1) The procedure to find boundary mass and stiffness is clarified.
2) Boundary mass depends on the amplitude of a boundary. It

is effective to select boundary nodes so that their displacements
become larger to obtain smaller boundary masses.

3) A method determines which measured frequency corresponds
to the frequency of the whole structure.

4) A numerical example shows that the proposed has the potential
to verify the frequency requirement of large space structures.
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